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a b s t r a c t
This paper studies the Cauchy problem of the 3D incompressible Navier–Stokes equations
with damping term | u |β−1 u (β ≥ 1). We prove that the strong solution exists globally for
β ≥ 3, and establish two regularity criteria as 1 ≤ β < 3. For any β ≥ 1, we also prove
that the strong solution is unique even among weak solutions.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Weconsider the Cauchy problemof the 3D incompressible Navier–Stokes equationswith damping term |u|β−1u (β ≥ 1):
ut + u · ∇u+∇p+ |u|β−1u = 1u, (1.1)
div u = 0, (1.2)
where u ∈ R3 and p ∈ R are unknown velocity field and pressure respectively. This model comes from porous media flow,
friction effects, or some dissipative mechanisms, mainly as a limiting system from compressible flows (see [1] for some
references).
As far as the authors know, this model was studied first by Cai and Jiu [1]. It is proved that (1.1) and (1.2) has global weak
solutions for any β ≥ 1, and global strong solution for any β ≥ 7/2. Furthermore, the strong solution is unique for any
7/2 ≤ β ≤ 5.
The aim of this paper is to establish regularity and uniqueness for (1.1) and (1.2), which are significant improvements of
those in [1].
2. Regularity
By a weak solution, we mean (u, p) satisfies (1.1) and (1.2) in the distribution sense. In addition, we have the basic
regularity for the weak solution:
u ∈ L∞(0, T ; L2(R3)) ∩ L2(0, T ;H1(R3)) ∩ Lβ+1(0, T ; Lβ+1(R3)),
for any T > 0.
If a weak solution u satisfies u ∈ L∞(0, T ;H1(R3))∩ L2(0, T ;H2(R3)), then actually u is a strong (classical) solution. It is
worth noting that for a strong solution, we can gain more regularity properties (see (2.1)).
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It is easy to find that the solution has better regularitywith larger β . First, wewill show the strong solution exists globally
for β ≥ 3.
Multiplying (1.1) by1u, after integration by parts and by using an identity in [2], we have
1
2
d
dt
∥∇u(., t)∥2L2 + ∥1u∥2L2 +
|∇u||u| β−12 2
L2
+ 4(β − 1)
(β + 1)2
∇|u| β+12 2
L2
≤

R3
(u · ∇u) ·1udx

≤ 1
2
∥1u∥2L2 +
1
2

R3
|u|2 · |∇u|2dx
≤ 1
2
∥1u∥2L2 +
1
2

R3
|∇u|2 |u|β−1 + 1 |u|2|u|β−1 + 1dx
<
1
2
∥1u∥2L2 +
1
2
|∇u||u| β−12 2
L2
+ 1
2
∥∇u∥2L2 , (2.1)
in the last inequality, we have used the following fact: |u|2|u|β−1 + 1

L∞
< 1, for β ≥ 3.
Thanks to (2.1), one has
1
2
d
dt
∥∇u(., t)∥2L2 + ∥1u∥2L2 ≤
1
2
∥∇u∥2L2 ,
which implies u ∈ L∞(0,∞;H1(R3)) ∩ L2(0,∞;H2(R3)) by Gronwall’s inequality.
Then, we want to establish regularity for (1.1) and (1.2) with 1 ≤ β < 3.
We start from the second inequality in (2.1) and do the following estimates,
1
2
d
dt
∥∇u(., t)∥2L2 + ∥1u∥2L2 +
|∇u||u| β−12 2
L2
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2
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
|u| β−12 |∇u|
 
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
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L2
+ 1
8
|u| 5−β2 |∇u|2
L2
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2
∥1u∥2L2 +
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|∇u||u| β−12 2
L2
+ 1
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|u| 5−β2 2
Lp
∥∇u∥2
L
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∥1u∥2L2 +
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2
|∇u||u| β−12 2
L2
+ C
|u| 5−β2 2
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∥∇u∥
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|u| 5−β2  2pp−3
Lp
∥∇u∥2L2 , (2.2)
where we used a Hölder’s, a Gagliardo–Nirenberg and a Young’s inequality with p > 3 and an absolute constant C .
(2.2) tells us that for any p > 3,
1
2
d
dt
∥∇u(., t)∥2L2 + ∥1u∥2L2 ≤ C ∥u∥
(5−β)p
p−3
L
(5−β)p
2
∥∇u∥2L2 ,
which implies if u ∈ Lα(0, T ; Lγ )with 2
α
+ 3
γ
≤ 25−β , then the local strong solution u can be extended beyond T .
But we find that 25−β < 1 for 1 ≤ β < 3, so the regularity criterion for the standard Navier–Stokes equations is better
that the above computation. On the other hand, one can find from (2.2) that 5−β2 > 1 for 1 ≤ β < 3, so the estimates in
(2.2) are not efficient. Indeed, we will use the following estimates used in [3]. We start from the first inequality in (2.1)
1
2
d
dt
∥∇u(., t)∥2L2 + ∥1u∥2L2 +
|∇u||u| β−12 2
L2
+ 4(β − 1)
(β + 1)2
∇|u| β+12 2
L2
≤

R3
(u · ∇u) ·1udx

≤ 1
2
∥1u∥2L2 +
1
2
∥u · ∇u∥2L2
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≤ 1
2
∥1u∥2L2 +
1
2
∥u∥2Lγ ∥∇u∥2
L
2γ
γ−2
≤ 1
2
∥1u∥2L2 + C∥u∥2Lγ ∥∇u∥
2(γ−3)
γ
L2
∥1u∥6/γ
L2
≤ 3
4
∥1u∥2L2 + C∥u∥
2γ
γ−3
Lγ ∥∇u∥2L2 , (2.3)
with arbitrary γ > 3.
We also can do the estimate in terms of ∇u as follows.
1
2
d
dt
∥∇u(., t)∥2L2 + ∥1u∥2L2 +
|∇u||u| β−12 2
L2
+ 4(β − 1)
(β + 1)2
∇|u| β+12 2
L2
≤

R3
(u · ∇u) ·1udx

=

R3
∂iuk · ∂kuj · ∂iujdx

≤ ∥∇u∥Lγ ′ ∥∇u∥2
L
2γ ′
γ ′−1
≤ C∥∇u∥Lγ ′ ∥∇u∥
2γ ′−3
γ ′
L2 ∥1u∥
3
γ ′
L2
≤ 1
2
∥1u∥2L2 + C∥∇u∥
2γ ′
2γ ′−3
Lγ ′ ∥∇u∥2L2 , (2.4)
for any γ ′ > 32 .
As a conclusion, we have the following main theorem of this section.
Theorem 2.1. Assume that u0 ∈ H1(R3)with div u0 = 0. u(x, t) is the corresponding local strong solution to (1.1) and (1.2) on
[0, T ). If β ≥ 3, then the local solution exists globally (T can be∞). For 1 ≤ β < 3, if u(x, t) satisfies
u ∈ Lα(0, T , Lγ ), with 2
α
+ 3
γ
≤ 1, 3 < γ <∞,
or
∇u ∈ Lα′(0, T , Lγ ′), with 2
α′
+ 3
γ ′
≤ 2, 3
2
< γ ′ <∞,
then the solution remains smooth on [0, T ].
Remark 2.1. For the limiting cases γ = 3, γ = ∞, γ ′ = 32 , or γ ′ = ∞, we also can establish corresponding regularity
regularity criteria. For detailed discussion, we refer to the similar situations for the MHD equations in [3].
Remark 2.2. The damping term is a ‘‘good’’ term in (1.1), so we can establish many many regularity criteria in weak spaces
and logarithmically improved type as that for the standard Navier–Stokes equations [4].
3. Uniqueness
We will prove the strong solution is unique in the larger class of weak solution for any β ≥ 1. More precisely, we have
Theorem 3.1. Assume u1 ∈ L∞(0, T ; L2(R3)) ∩ L2(0, T ;H1(R3)) and u2 ∈ L∞(0, T ;H1(R3)) ∩ L2(0, T ;H2(R3)) are two
solutions to (1.1) and (1.2) with the same initial datum u0, then u1 = u2 on [0, T ].
Proof. Letw denote their differencew = u1 − u2. We obtain the equation forw as
wt + u1 · ∇w − w · ∇u2 +∇p˜+ |u1|β−1u1 − |u2|β−1u2 = 1w, (3.1)
with divw = 0 and zero initial datum (w(0) = 0).
Taking the scalar product (doing integration in R3) of (3.1) withw, after integration by parts, we have
1
2
d
dt
∥w(., t)∥2L2 + ∥∇w∥2L2 +

R3
|u1|β−1u1 − |u2|β−1u2 (u1 − u2)dx ≤ 
R3
(w · ∇u2) · wdx
 . (3.2)
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First, we have
R3
|u1|β−1u1 − |u2|β−1u2 (u1 − u2)dx ≥ 
R3
|u1|β+1 − |u2|β |u1| − |u1|β |u2| + |u2|β+1 dx
=

R3
|u1|β − |u2|β (|u1| − |u2|)dx ≥ 0.
So from (3.2), we deduce
1
2
d
dt
∥w(., t)∥2L2 + ∥∇w∥2L2 ≤

R3
(w · ∇u2) · wdx

≤ ∥w∥L2∥∇u2∥L3∥w∥L6
≤ C∥w∥L2∥∇u2∥
1
2
L2
∥1u2∥
1
2
L2
∥∇w∥L2
≤ 1
2
∥∇w∥2L2 + C∥∇u2∥L2∥1u2∥L2∥w∥2L2 , (3.3)
where a Hölder’s, a Gagliardo–Nirenberg and a Young’s inequality were used.
Applying Gronwall’s inequality on (3.3) yields
∥w(., t)∥2L2 ≤ ∥w(0)∥2L2 exp
 t
0
C∥∇u2(., s)∥L2∥1u2(., s)∥L2ds

.
Since u2 ∈ L∞(0, T ;H1(R3)) ∩ L2(0, T ;H2(R3)), the integral is finite. Thanks to w(0) = 0, the proof is completed by
w(x, t) = 0 for 0 ≤ t ≤ T . 
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